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Nonlinear Tracking Control for Satellite Formations

Hsi-Han Yeh,¤ Eric Nelson,† and Andrew Sparks‡

U.S. Air Force Research Laboratory, Wright–Patterson Air Force Base, Ohio 45433-7521

A tracking control design using sliding mode techniques is derived to control a desired satellite formation. Hill’s
relative motion equations are used to model the follower satellite motion relative to the leader. To minimize fuel
usage required to maintain the formation, each satellite is constrained to reside near a natural orbit. Control forces
are applied only to maintain the desired relative motion by correcting for initial offsets and perturbation effects
that tend to disperse the formation.These perturbations include effects due to Earth asphericity, atmospheric drag,
and third-body effects from the sun and moon. Parametric equations describing the member satellites’ relative
motion with respect to the leader satellite are essential in this design. The control law is modi� ed to account for
discontinuous nature of the control forces available with the satellite propulsive thrusters. Numerical simulations
using a high-� delity, nonlinear model demonstrate the control law performance for the full nonlinear dynamics
with high-order perturbations.

I. Introduction

S ATELLITE formations are subject to different constraints than
ground or air vehicle formations.Because of fuel capacity limi-

tations, each satellite in a formationmust reside near a natural orbit.
Fuel is expended only to correct the initial deployment inaccuracy
and to overcome the perturbation effects that tend to dislodge the
satellite from the desired orbit. These perturbations include the ef-
fects of Earth oblateness, atmospheric drag, and solar and lunar
gravity.1 Among these perturbations,the most signi� cant is the sec-
ond spherical harmonic in the Earth’s gravity � eld due to oblate-
ness (known as the J2 effect). The J2 effect causes an uncontrolled
formation to disperse.2

Recently, Schaub et al.3 designed a formation control law based
on Gauss’s variational equations of motion for a satellite to track its
assigned J2 invariant orbit (see Ref. 4). This approach describes an
overdetermined system, that is, more output variables than inputs.
The control vector is determined through a least-square solution.
Therefore, the resulting control law does not guarantee a stable
system. Numerical simulation in Ref. 3 does show that the control
law maintains the satellite’s desired orbit.

This paper shows a tracking control design that forms the de-
sired satellite formation after the initial deployment and nudges the
members back into formation when they drift from the desired dy-
namics. Instead of Gauss’s variational equations of motions, we
use Hill’s (or Clohessy–Wiltshire) equations to model the follower
satellite relative motion with respect to the leader. Hill’s equations
are a � rst-order approximation that describe the follower satellite
relative motion around a leader in a circular orbit. The satellites are
orbitingarounda sphericalEarth. In Hill’s equationsor the complete
nonlineardynamic equations, the control variablesare uniquely de-
termined by a given output set. In mathematical language, the input
and output manifolds are diffeomorphic.Thus, the tracking control
avoids control variable overdetermination and guarantees system
stability.

II. Sliding Mode Control
This section considers the theoretical basis for incorporating a

multiple satellite formation control problem into the sliding mode
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framework.The controlproblemis formulatedusing state feedback.
Although this is a limitation in general, in the case of the satellite
formation control problem this assumptiondoes not present a prob-
lem because all of the states are available for feedback through
differential carrier-phaseglobal positioning system.

A. Relative Degree
Consider a nonlinear dynamic system of the form

Px.t/ D f.x; t/ C G.x; t/u.t/; y.t/ D h.x; t/ D

2

64
h1.x; t/

:::

hm .x; t/

3

75

(1)

wherex.t/, u.t/, andy.t/ aren-, m-, andm-dimensionalrealvectors,
f .x; t/, G.x; t/, and h.x; t/ are analytic vector or matrix functions
of the variables x and t . We need an operator to give output time
derivatives when the system is free from the control input. De� ne
the operator L f as

L f hi .x; t/ :D
d

dt
hi .x; t/ju D 0 D @

@t
hi .x; t/ C @hi .x; t/

@x
f.x; t/

i D 1; : : : ; m

L j
f hi .x; t/ :D L f

£
L j ¡ 1

f hi .x; t/
¤
; j ¸ 1

L0
f hi .x; t/ :D hi .x; t/ (2)

Thus, L j
f hi .x; t/ is the j th time derivative of hi .x; t/ when u D 0.

Similarly, we de� ne

LG hi .x; t/ :D
@hi .x; t/

@x
G.x; t/ (3)

Notice that hi .x; t/ might not couple directly with the control
variable u, but some hi .x; t/ time derivatives are coupled to u. Let
®i be the lowest-order hi .x; t/ time derivative that is coupled to u.
That is,

®i :D min
©

j j LG L j ¡ 1
f hi .x; t/ 6D 0

ª
; i D 1; 2; : : : ; m (4)

Note that implicitly in the de� nition of Eq. (4) ®i ¸ 1. We interpret
®i D 0 to mean that the i th output variable is directly connected to
the controlvariable.However, this does not happenin most dynamic
control systems, including this satellite application. Henceforth in
this paper, we shall assume that the outputs are not directly coupled
to the control variables and will always have ®i ¸ 1.

If we differentiatehi .x; t/ until u.t/ appears in its expression,the
highest hi .x; t/ derivative will have an order of ®i . That is,

y. j /
i .t/ D L j

f hi .x; t/; j D 0; 1; : : : ; ®i ¡ 1

y.®i /

i .t/ D L®i
f hi .x; t/ C LG L®1¡1

f hi .x; t/u.t/ (5)
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Now de� ne

y.®/.t/ :D

2

666664

y.®1/

1

y.®2/

2
:::

y.®m /
m

3

777775
(6)

Then,

y.®/.t/ D a¤.x; t/ C B¤.x; t/u.t/ (7)

where B¤.x; t/ is the matrix through which control u.t/ is coupled
to the h.x; t/ component’s lowest derivative and

a¤.x; t/ :D

2

664

L®1
f h1.x; t/

:::

L®m
f hm .x; t/

3

775

B¤.x; t/ :D

2

664

LG L®1¡1
f h1.x; t/

:::

L G L®m ¡1
f hm .x; t/

3

775 (8)

Because system (1) has the same number of controls as outputs,
B¤.x; t/ is a square matrix. If B¤.x; t/ is nonsingular at a point x0,
then the vector .®1; ®2; : : : ; ®m / is called the relativedegree of the
system (1) at that point.We shall assume that B¤.x; t/ is nonsingular
at some operating point x0 . We shall refer to y.®/.t/ as the derivative
of y.t/ to the relative degree of the plant.5

B. Relay Control Design
For a multi-input/multi-output system, the relative degree vector

provides insight to sliding plane selection in a sliding mode control
design. In this section, we de� ne the sliding plane in terms of the
error from the reference trajectory, then derive the sliding mode
control law to stabilize the system and provide tracking along the
reference trajectory.

The reference trajectory is represented by Oy.t/, and the tracking
error is de� ned as

e.t/ :D Oy.t/ ¡ y.t/ D

2

66664

e1.t/

e2.t/
:::

em.t/

3

77775
(9)

For each output yi , de� ne a sliding plane of the form

¾i [ei .t/] D ki
®i

e.®i ¡ 1/.t/ C ki
®i ¡ 1e

.®i ¡ 2/.t/ C ¢ ¢ ¢ C k i
1e.t/

C k i
0es.t/ C k i

sess.t/ (10)

Written in vector form,

¾ [e.t/] D

2

6664

¾1[e1.t/]

¾2[e2.t/]
:::

¾m[em .t/]

3

7775
D K® e.® ¡ 1/.t/ C K® ¡ 1e.® ¡ 2/.t/

C ¢ ¢ ¢ C K1e.t/ C K0es.t/ C Ksess.t/ (11)

where

e.®/.t/ D

2

666664

e.®1/

1 .t/

e.®2/

2 .t/
:::

e.®m /
m .t/

3

777775

es .t/ D
Z

e.t/ dt ;

Z
es.t/ dt D ess .t/

and where K® ¡ j are diagonal matrices with elements ki
® ¡ j , whose

elements may be zero depending on the relative degree vector. In
addition, the highest nonzerok i

®¡ j can be arbitrarilyset to one with-
out loss of generality. For example, suppose a system having two
outputs has relative degree vector .3; 2/. The matrices K® ¡ j would
be de� ned as K3 D diag.1; 0/, K2 D diag.k1

2 ; 1/, K1 D diag.k1
1 ; k2

1/
to account for a sliding plane for the � rst output having a e.2/.t/
term and one for the second output having a e.1/.t/ term.

Because the highest-order derivative in Eq. (11) is lower than
the relative degree of the plant by exactly one, the right-hand side
of Eq. (11) does not involve the control vector u.t/. Instead, P¾ .e/
will containu.t/. This makes the sliding mode control solutioneasy
to obtain when a quadratic function ¾.e/ is used as the Lyapunov
function.On the other hand, if the sliding plane is of equal or higher
order than the relative degree, the sliding mode control solution
becomes unwieldy. If the sliding plane is of lower order than the
plant’s relative degree by more than one, P¾ .e/ will not explicitly
depend on u.t/, and no sliding mode exists on ¾ .e/ D 0. In this
fashion,the relativedegreevectordictatesthe slidingplane selection
that is linear in the error signal.

We shall design an on–off sliding mode controller that keeps the
plant state (1) on the sliding plane Eq. (11). We select a candidate
Lyapunov function as follows:

V D 1
2 ¾ T .e/¾ .e/ (12)

The derivative of V is

PV D ¾ T .e/ P¾ .e/ (13)

DifferentiatingEq. (11) with the aid of Eqs. (7) and (9) yields

P¾.e/ D Qu.t/ ¡ B¤.x; t/u.t/ (14)

where

Qu.t/ D Oy.®/.t/ C K® ¡ 1e.® ¡ 1/.t/ C ¢ ¢ ¢ C K0e.t/

C Kses .t/ ¡ a¤.x; t/ (15)

Substituting Eq. (14) into Eq. (13) gives

PV D ¾ T .e/[ Qu.t/ ¡ B¤.x; t/u.t/]

D ¾ T .e/B¤.x; t/[B¤¡1.x; t/ Qu.t/ ¡ u.t/] (16)

Sliding mode control design � nds u.t/ such that ¾ T .e/ P¾ .e/ is
always negative. There are many ways to achieve this goal. One
solution can take the following form:

u.t/ D B¤¡1.x; t/ Qu.t/ C ua.t/ (17)

with

ua.t/ D
»

½ sgn[B¤T .x; t/¾ .e/]; ½ > 0; ¾ .e/ 6D 0

0; ¾ .e/ D 0 (18)

where ½ is de� ned as a diagonal matrix,

½ :D diag.½1; ½2; : : : ; ½m / (19)

and the vector signum function is a column of signum function:

sgn ¾ .e/ D [sgn¾1.e/ sgn¾2.e/ ¢ ¢ ¢ sgn¾m .e/]T (20)

The control law (17) drives the system to the sliding plane. The
control vector that sets P¾ .e/ to zero is described as the equivalent
control.6 The sliding plane equivalent control (11) is the continu-
ous componentof Eq. (17) [with ua.t/ D 0]. Because this equivalent
control forces the system to stay on a linear sliding plane, the equiv-
alent control is also labeled as a feedback linearizing control. If
the sliding plane Eq. (11) is chosen with dynamics that quickly re-
duce the error signal, then the closed-loop system will have good
performance.

The equivalent control, as shown in Eq. (17), is dif� cult to im-
plement for satellite control systems. Although the thruster pulse
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widths are adjustable, the thrust magnitudes are not. To implement
a discontinuoussliding mode control design without the continuous
component, let

u.t/ D ½ sgn[B¤T .x; t/¾ .e/]; ½i > max
­­B¤¡1

i .x; t/ Qu.t/
­­

i D 1; 2; : : : ; m (21)

where B¤¡1
i .x; t/ is the i th row of B¤¡1.x; t/. The control law in

Eq. (21)givesan asymptoticallystableclosed-loopsystem,as shown
by substituting Eq. (21) into Eq. (16):

PV D ¾ T .e/B¤.x; t/fB¤¡1.x; t/ Qu.t/ ¡ ½ sgn[B¤T .x; t/¾ .e/]g

D ¾ T .e/B¤.x; t/f¡ Q½.t/ sgn[B¤T .x; t/¾.e/]g (22)

where

Q½i .t/ D

(
½i C B¤¡1

i .x; t/ Qu.t/; if
£
BT

i .x; t/¾ .e/
¤

< 0

½i ¡ B¤¡1
i .x; t/ Qu.t/; if

£
BT

i .x; t/¾ .e/
¤

> 0 (23)

for i D 1; 2; : : : ; m. Because½i is suf� cientlylarge, Q½i .t/ > 0. There-
fore, PV is always negativewhenever¾ .e/ 6D 0. Thus, this control law
drives the system to the sliding plane Eq. (11). The control vector
magnitude½ [Eq. (21)] is typicallyselectedto re� ect the application
and is easily adjusted to accommodate a changing control problem.

The control law of Eq. (21) can also drive any � nite initial state
to the sliding plane in � nite time. To see this, we rearrange Eq. (22)
to give

PV D ¾ T .e/B¤.x; t/f¡ Q½.t/ sgn[B¤T .x; t/¾ .e/]g

· ¡½ 0j¾ T .e/B¤.x; t/j · ¡½ 00V
1
2 ; ½0; ½00 > 0 (24)

Since V > 0, multiplying Eq. (24) by 1
2
V ¡1=2 produces

1
2
V ¡ 1

2 PV · ¡ 1
2 ½00 < 0 (25)

By integrating Eq. (25) from 0 to t , we � nd that

V
1
2 .t/ · V

1
2 .0/ ¡ 1

2 ½00t (26)

The time required for the Lyapunov function to reach zero is now
de� ned as T . Then Eq. (26) implies

T · 2V
1
2 .0/

¯
½00 (27)

Thus, the Lyapunov function reaches zero in � nite time. The magni-
tudeof discontinuouscontrolis thedesignparameterthatdetermines
the reaching time.

The main drawback of the sliding mode control method is that
when an unstablehigh-frequencyplant mode is excited, the discon-
tinuous control may exhibit a chattering phenomenon. Chattering
describes rapid control signal switching between positive and neg-
ative values. The most common way to avoid chattering is to intro-
duce a boundary layer on the sliding plane.6 Other methods include
synthesizingthe control variablederivativesso that the control vari-
ables themselves do not chatter.7 In the boundary-layer approach,
the discontinuous control law operates only when the system state
is outside the boundary layer. Within the boundary layer, we imple-
ment a smooth transition from positive to negative, as the system
state crosses the sliding plane.

The satellite control problem does not permit control force mag-
nitude adjustments.Therefore,we cannot implement a smooth tran-
sition technique. Instead, we implement a signum function with a
dead zone. Thus, Eq. (21) is modi� ed as follows:

ui .t/ D

8
<

:

½i ; if ±i < B¤T
i .x; t/¾ .e/

0; if ¡±i · B¤T
i .x; t/¾.e/ · ±i

¡½i ; if B¤T
i .x; t/¾ .e/ < ¡±i

½i > max
®®B¤¡1

i .x; t/ Qu.t/
®®; i D 1; 2; : : : ; m (28)

for small positive values of ±i ; i D 1; 2; : : : ; m.

C. State Feedback Realizability
To accompany the mathmatical derivation, we can construct the

feedback without taking the state derivatives. In view of Eqs. (5)
and (6), the error signal derivatives in Eq. (11) are derived,

Pe.t/ D POy.t/ ¡ Py.t/ D L Of
Oh.Ox; t/ ¡ L f h.x; t/

:::

e.®¡1/.t/ D Oy.® ¡ 1/.t/ ¡ y.® ¡ 1/.t/ D L .® ¡ 1/

Of
Oh.Ox; t/ ¡ L .® ¡ 1/

f h.x; t/

(29)

where

L Of
Oh.Ox; t/ D

2

664

L Of
Oh1.Ox; t/

:::

L Of
Ohm .Ox; t/

3

775 ; L f h.x; t/ D

2

64
L f h1.x; t/

:::

L f hm .x; t/

3

75

L .® ¡ 1/

Of
Oh. Ox; t/ D

2

6664

L .®1 ¡ 1/

Of
Oh1.Ox; t/

:::

L .®m ¡ 1/

Of
Ohm.Ox; t/

3

7775

L .® ¡ 1/

f h.x; t/ D

2

664

L .®1 ¡ 1/

f h1.x; t/
:::

L .®m ¡ 1/

f hm.x; t/

3

775 (30)

Equations (29) and (30) point out that the error vector derivativeof
any order less than the plant’s relative degree is free of the control
variables. This implies that the sliding mode controls expressed in
Eqs. (21) and (28) are always implementable by state feedback,
without the implementation of differentiators. Differentiators can
introduce unwanted high-frequencynoise.

The control lawsEqs. (17), (21), and (28)all requirea double inte-
gral computation,ess.t/, which is not a state variable of the closed-
loop system. This computational burden arises from the tracking
performance consideration,which requires the sliding mode equiv-
alent control (15) to have one integration.In addition to the compu-
tational burden, the double integral also introducesphase lag. In the
following designs, we shall develop sliding mode controllersusing
sliding plane Eq. (11) with Ks D 0, as well as Ks 6D 0, to compare
their performance.

III. Satellite Control Design
In this section,we discussthe slidingplanedesignconsiderations.

In addition, we present second- and third-order design examples.

A. Control Problem Formulation
We shall consider formation control using a linear model of the

satellite relative dynamics to generate a reference trajectory. In ad-
dition, the exact nonlinear model supplies the simulation’s plant
dynamics. As discussed earlier, the linearized equations that de-
scribe the satellite relativemotion are known as Hill’s equations (or
Clohessy–Wiltshire equations8):

Rx ¡ 2! Py ¡ 3!2x D u x C dx ; Ry C 2! Px D u y C dy

Rz C !2z D uz C dz (31)

where x , y, and z are member satellite positions relative to a leader
satellite in a circular orbit: x is in the radial direction from the Earth,
y is in leadersatellite’s tangentialvelocitydirection,and z completes
a right-handcoordinatesystem.The leader satellite angular velocity
! around the Earth (also known as the mean motion) is described

! D
p

¹=R3 (32)
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where ¹ is the Earth’s gravitational constant and R is the radius
of the leader satellite’s circular orbit. The control variables (u x , u y ,
and uz ) and the disturbances (dx , dy , and dz ) are net speci� c forces
applied to the two-satellite system. The disturbances in Eq. (31)
include the net effects of unmodeled dynamics, net gravitational
perturbations, net atmospheric drag, net solar radiation pressure,
and net third-body effects.

Our control problem is to design a control system for each mem-
ber satellite within the formation that drive the satellites toward a
desired trajectory relative to the formation leader. In linear approx-
imations that yield Hill’s equations, all relative motion closed paths
are ellipses. The desired trajectory is a sustainable, natural, elliptic
relative motion path when both satellites are free of control forces
and unwanted perturbations.9 A sustainable elliptic path maintains
its relative position with respect to the leader. In explicit form, the
family of sustainable elliptic paths is given by

Ox.t/ D r sin.!t C µ/; Oy.t/ D 2r cos.!t C µ/

Oz.t/ D mr sin.!t C µ/ C 2nr cos.!t C µ/ (33)

where r determines the relative motion path size around the leader,
µ characterizes the member satellite position on the relative motion
path, and m and n describe the plane slope in which the relative
motion path resides.9 Reference trajectories are chosen from this
elliptic path family, which is a subset of the force free Hill’s equa-
tion general solution. An arbitrary initial condition may give rise
to an unsustainableclosed path, which can not sustain a formation.
Because Eq. (33) includes all sustainable paths of relative motion,
it includes J2 invariant trajectories,provided that the leader satellite
is in a circular (or near circular) orbit.

Because of fuel limitations, we cannot expect the controlled
satellite transient to settle in a short-order time constant. The tran-
sient response should have a time constant commensurate with the
leader satellitemean motion. Therefore,we shall scale the time axis
so that, within each scaled time unit, the leader satellite sweeps
a 1-rad arc around the Earth, regardless of the satellite altitude.
We introduce a new time variable, ¿ D !t. When ¿ D 1, the leader
sweeps a 1-rad arc around the Earth. Since dx=dt D !.dx=d¿ / and
d2x=dt2 D !2.d2x=d¿ 2/, Hill’s equations (31) take the following
form after the independent variable t is changed to ¿ :

Rx ¡ 2 Py ¡ 3x D ux

¯
!2 C dx

¯
!2

Ry C 2 Px D u y

¯
!2 C dy

¯
!2; Rz C z D uz

¯
!2 C dz

¯
!2 (34)

For convenience,we are renaming the control inputs, disturbances,
and derivates so that they are with respect to ¿ instead of t . Note
that, in Eqs. (31) and (34), the control forces ux , u y , and uz and
disturbances dx , dy , and dz are net speci� c forces applied to the
leader–member satellitesystem.Net refers to the differencebetween
the speci� c forces applied to the member satellite and those applied
to the leader satellite.Speci� c forcesare applied to each unitmassof
the respective satellites. Speci� c forces are actually accelerations.
In close formations, the net disturbances are greatly reduced from
the absolute amount that is exerted on the member satellite. Now, if
we rede� ne the speci� c force as the force per unit mass per mean
motion squared, !2, then we can rewrite Eq. (34) as

Rx ¡ 2 Py ¡ 3x D ux C dx ; Ry C 2 Px D u y C dy

Rz C z D uz C dz (35)

Every term in Eq. (35) hasa lengthdimension.One must add the spe-
ci� c control forces (per unit mass of the leader) acting on the leader
satellite to the net speci� c control forces in the right-hand side of
Eq. (35) to obtain the speci� c control forces acting on the member
satellite. The same applies to the disturbances. To obtain the ac-
tual forces exerted on the member satellite, one must multiply the
speci� c control forces by the satellite mass and by the square of
the leader satellite’s mean motion. Note that the normalized equa-
tions (35) are free of satellite parameters. The relationshipbetween

the net speci� c control force and the actual control forces acting on
the member satellite are

ux D u f x ¡ u lx ; ulx D 1
¯

m l !
2.u lx /actual

u f x D 1
¯

m f !
2.u f x /actual (36)

where .u f x /actual is the actual force x component exerted on the
member satellite, .ul x /actual is the actual force x component exerted
on the leader satellite, m f is the follower satellite mass, m l is the
leader satellite mass, u f x is the speci� c force x component exerted
on the member satellite, and ul x is the x component of the speci� c
force acting on the leader satellite. The same relation holds for the
component forces in other axes.

When the time variableis changedto ¿ for the referencetrajectory,
Eq. (33) yields

Ox.¿ / D r sin.¿ C µ /; Oy.¿ / D 2r cos.¿ C µ/

Oz.¿/ D mr sin.¿ C µ/ C 2nr cos.¿ C µ/ (37)

Equations (35) show that the in-plane (xy-plane) dynamics given
by Hill’s equations are decoupled from the cross-track (z-axis) dy-
namics. We can now write the in-plane dynamic state equations in
second-ordervector form as

Px1 D x2; Px2 D A1x1 C A2x2 C ux y C dx y; y1 D x1 (38)

where the state, output, control, and disturbancevectors are

x1 D
µ

x

y

¶
; x2 D

µ
Px
Py

¶
; ux y D

µ
ux

u y

¶
; dx y D

µ
dx

dy

¶

(39)

where x and y are scalars denoting the member satellite vertical
and tangential coordinates relative to the leader, u x and u y are the
correspondingnet speci� c control force componentson the member
satellite, and dx and dy are net speci� c disturbanceson the member
satellite. To distinguish between vectors and scalars, we now use
boldface lower case letters to denote vectors. The state matrices in
Eq. (38) are given by

A1 D
µ

3 0

0 0

¶
; A2 D

µ
0 2

¡2 0

¶
(40)

The member satellite cross-track dynamics relative to its leader are
given by

P»1 D »2; P»2 D ¡»1 C uz C dz; z D »1 (41)

where z is the member satellite cross-trackcoordinaterelative to the
leader, uz is the correspondingnet speci� c force component on the
member satellite, and dz is the cross-track net speci� c disturbance
component on the member satellite.

Now, we have two decoupled control problems. For the in-plane
dynamics,we design a control policy so that the plant output shown
in Eq. (38) tracks the reference trajectory

Oy1.¿ / D
µ

Ox.¿/

Oy.¿/

¶
D

µ
r sin.¿ C µ/

2r cos.¿ C µ /

¶
(42)

for some given values of r , q, w, m, and n. This reference trajectory
is generated by

POx1 D Ox2; POx2 D A1 Ox1 C A2 Ox2; Ox1.0/ D
µ

r sin.µ/

2r cos.µ/

¶

Ox2.0/ D
µ

r cos.µ/

¡2r sin.µ/

¶
; Oy1 D Ox1 (43)

Likewise, we design a cross-trackcontrol policy so that the plant
output in Eq. (41) tracks the reference trajectory

Oz.¿ / D mr sin.¿ C µ/ C 2nr cos.¿ C µ / (44)
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This reference trajectory is generated as follows:

PO» 1 D O»2;
PO» 2 D ¡O»2

[ O».0/] D
µ

mr sin.µ/ C 2nr cos.µ /

mr cos.µ/ ¡ 2nr sin.µ /

¶
; Oz D O»1 (45)

Modern satellite systems use high-power jets to produce the de-
sired control forces. The jets usually operate in a short pulse se-
quence. Recall our assumption that pulse magnitudes are not vari-
able, whereas pulse widths are variable. Therefore, we shall use
the discontinuous sliding mode control without continuous com-
ponents. We shall incorporate a sliding plane boundary layer that
prevents chattering as described in Eq. (28). In this control law, we
need to compute B¤T .x; t/ and ¾ .e/. We also need B¤¡1.x; t/ and
Qu.t/ to determine the minimum control variable magnitude.

For the linear systems model, we can separately design control
laws for in-plane and cross-track dynamics. Because the distur-
bances are in the form of matching uncertainties, we ignore the
disturbances in this design, and allow the inherent sliding mode ro-
bustness to maintain system stability. First, we shall determine the
plant relative degree. From Eq. (38), we obtain

Ry1.¿ / D a¤
x y .x; ¿ / C B¤

x y .x; ¿ /[u.¿/ C d.¿/] (46)

where

a¤
x y.x; ¿ / D A1x1 C A2x2 D

µ
3x C 2 Py

¡2 Px

¶

B¤
x y.x; ¿ / D

µ
1 0

0 1

¶
(47)

From Eq. (47), the in-planedynamic relativedegree is (2,2). For the
cross-track dynamic in Eq. (41), we have

Rz D a¤
z .»; ¿/ C B¤

z .»; ¿ /.uz C d/ (48)

where

a¤
z .»; ¿ / D ¡»1; B¤

z .»; ¿/ D 1 (49)

Therefore, the cross-track dynamics relative degree is 2.

B. Effects of Disturbances and Perturbations
Sliding mode control is inherently robust. The trajectorieson the

sliding surface exhibit invariance in the presence of bounded un-
known, matched uncertainties and disturbances.10;11 Matched un-
certainties or disturbancesreside in the range of control distribution
matrix. In other words, if matched uncertaintiesor disturbancesare
known, control variables can counteract against them. In the satel-
lite formation control problem, microsatellitesare modeled as point
masses. The atmospheric drag, Earth gravitational perturbations,
third-body effects, and unmodeled dynamics all result in matched
perturbationswithin the satellite model.

Sliding mode control is intrinsically robust against matched un-
certainties. The control is always driving the system toward the
sliding plane. If the disturbanced is acting in the same direction as
the control u, then d reinforces u and drives the system faster to-
ward the sliding plane. Because control magnitude does not adjust,
control is required for a shorter duration in this direction. The per-
formance is actually improved. Now suppose the disturbance acts
in the oppositedirection as the control. The system is driven toward
the sliding plane slower. Control is required for a longer duration
to enable the system to reach the sliding plane. In this fashion, the
controlautomaticallyadjusts its pulse width. When the system is on
the sliding plane, the error dynamics are determined by the sliding
plane parameters.

The most signi� cant orbiting perturbation is J2 effect. The J2

effect accounts for Earth oblateness, and the J3 effect accounts for
the Earth’s polar bulges. Hill’s equations (31) and (35) do not ac-
count for the nonspherical Earth effects, nor the nonlinear dynam-
ics Eq. (58). The J2 effect is nearly two orders of magnitude more

pronounced than J3. These gravity perturbations will move an un-
controlled satellite from its nominal orbit. The disturbances in our
model are net speci� c disturbances.In close formations, the net dis-
turbances are signi� cantly reduced from total disturbances, but are
still consequential.Sabol et al.2 simulated a two-satellite formation
where the J2 effect gradually disperses the formation. Solar radia-
tion pressure and tesseral resonance are periodic and will gradually
wear out the formation, causing its members to disperse relative to
each other. In trackingcontrol, the effectsof solar radiationpressure
and tesseral resonance are also countered by control thrusts.

C. Third-Order Sliding Plane Design
We choose a sliding plane in the form of Eq. (11). The error

function rapidly approaches zero when the system state is on that
plane.The sliding plane producesa proportional-plus-integral-plus-
derivative equivalent control on the feedback-linearizedplant. Ap-
plying the satellite system relative degrees to Eq. (11) yields the
sliding planes for both the in-plane dynamics and the cross-track
dynamics in the form

¾.e/ D d
d¿

e.¿ / C K1e.¿/ C K0es .¿/ C Ksess .¿ / (50)

We shall design the control system for the error signal in each
coordinate to have the same transient characteristics. The error
dynamics have the following three poles:

p1 D ¡0:15; p2 D 0:05
¡
¡1 § j

p
3
¢

(51)

We are placingthe realpartof thedominantpolesat ¡0.05 with a 0.5
damping ratio. This yields a time constantof ¿ D 20. Therefore, the
settling time is approximately¿settling D 80. Because the normalized
time unit is a radian, the leader sweeps approximately 13 orbits
around the Earth before the error transient settles. Therefore,

.s ¡ p1/.s ¡ p2/.s ¡ p3/ D s3 C 0:25s2 C 0:025s C 0:0015 (52)

Comparing Eq. (50) with Eq. (52) gives

K1 D 0:25I ; K0 D 0:025I; Ks D 0:0015I

The error dynamics characteristic polynomial Eq. (52) is third
order. The discontinuoussliding mode control laws are obtained by
substituting Eqs. (50) and (53) into Eq. (28):

u i .¿ / D

8
>>>>>><

>>>>>>:

½i ; if ±i < Pei .¿ / C 0:25ei .¿/ C 0:025esi.¿ /

C 0:0015essi.¿ /

0; if ¡±i · Pei .¿/ C 0:25ei .¿ / C 0:025esi.¿ /

C 0:0015essi.¿ / · ±i

¡½i ; if Pei .¿ / C 0:25ei .¿/ C 0:025esi.¿ /

C 0:0015essi.¿ / < ¡±i

½i > max j Qu i .t/j; i D x; y; z (53)

where the control signal magnitude has a lower bound that is deter-
mined by simulation.

A closed-loopsystem block diagram that implements the sliding
mode control law for the in-plane dynamics [Eq. (53)] is given
in Fig. 1a. Differentiators are not needed, provided that the system
statesare measurable.Figure 1b shows the closed-loopslidingmode
controlblock diagramfor the cross-trackdynamics. In both Figs. 1a
and 1b, the controllers are described by Eq. (53).

D. Second-Order Sliding Plane Design
Dropping the double integral term in the right-hand side of

Eq. (50) gives the second-order sliding plane equation for both the
in-plane and cross-track dynamics:

¾.e/ D d

d¿
e.¿ / C K1e.¿/ C K0es .¿/ (54)

We will select the two complex poles in Eq. (51) as the characteristic
roots of Eq. (54). Thus,

p1 D 0:05
¡
¡1 § j

p
3
¢

(55)
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a) In-plane tracking control

b) Cross-track tracking control for elliptical clustering

Fig. 1 Generalized closed-loop system for satellite formation.

and

.s ¡ p1/.s ¡ p2/ D s2 C 0:1s C 0:01 (56)

Comparison of Eq. (54) with Eq. (56) gives

K1 D 0:1I; K0 D 0:01I

We shall design the control system to have the same transient char-
acteristicsas in the third-ordercase discussed in Sec. III.C. The dis-
continuous sliding mode control laws with a second-order sliding
plane are obtained by substituting Eqs. (54) and (57) into Eq. (58),

ui .¿/ D

8
<

:

½i ; if ±i < Pei .¿/ C 0:1ei .¿/ C 0:01esi.¿ /

0; if ¡±i · Pei .¿ / C 0:1ei .¿/ C 0:01esi.¿ / · ±i

¡½i ; if Pei .¿/ C 0:1ei .¿ / C 0:01esi.¿ / < ¡±i

½i > maxj Qu i .t/j; i D x; y; z (57)

where the control signmal magnitude has a lower bound that is de-
termined by simulation. In the simulation runs discussed in Sec. IV,

we will readjust K1 and K2 to search for sliding plane that require
minimal fuel consumption.

E. Sliding Mode Control for the Nonlinear Plant
Under the assumptions that the Earth is a perfect sphere and the

leader satellite is in a circularorbit, the normalized,nonlinearmodel
is described by

Rx ¡ 2 Py C .R C x/[g.x; y; z; R/ ¡ 1] D ux C dx

Ry C 2 Px C y[g.x; y; z; R/ ¡ 1] D u y C dy

Rz C zg.x; y; z; R/ D uz C dz (58)

where

g.x; y; z; R/ D f[.R C x/2 C .y2 C z2/2]=R2g¡ 3
2 (59)

Hill’s equation (35) is the linear approximation of this model,

y D

2

4
x

y

z

3

5 ; fx .y/ D .R C x/[1 ¡ g.x; y; z; R/] ¡ 3x

fy .y/ D y[1 ¡ g.x; y; z; R/];

fz.y/ D z[1 ¡ g.x; y; z; R/] (60)

Then, we rewrite Eq. (58) into the following form:

Rx ¡ 2 Py ¡ 3x ¡ fx .y/ D ux C dx

Ry C 2 Px ¡ f y.y/ D u y C dy ; Rz ¡ z ¡ fz.y/ D uz C dz (61)

Using the satellite dynamics nonlinear model described in Eq. (51)
is a step beyond the linear Hill’s model. The reference trajectory
is a periodic relative motion path that satis� es the homogeneous
equations in Eq. (51) (when u and d are both set equal to zero).
However, the general solution to the system described in Eq. (51)
has not been found. Therefore, we shall improvise by using the ini-
tial condition determined from the homogeneous Hill’s solution to
the homogeneous nonlinear model to generate the reference trajec-
tory numerically. We shall assume that the initial conditions taken
from the linear model [Eqs. (42) and (45)] will result in closed-path
solutions for the homogeneous nonlinear model of Eq. (51) and
shall verify it by simulations. Numerical experiments have shown
that the initial conditionsthat producea sustainable,ellipticpath for
the homogeneous model also produce a sustainable elliptic closed
path for the homogeneousnonlinearmodel.12 A referencetrajectory
generatedfrom the nonlinearmodel results in a trackingcontrol that
will not � ght the nonlinearity on the satellite. Using the nonlinear
model as the plant’s design model gives a more truthful dynamic
than that produced by the linear Hill’s equations.

The reference trajectory is generated by the force-free nonlinear
model with initial conditions set by the desired trajectory of the
linear model (Hill’s equations):

ROx ¡ 2 POy ¡ 3 Ox ¡ fx .Oy/ D 0; ROy C 2 POx ¡ fy.Oy/ D 0

ROz ¡ Oz ¡ fz.Oy/ D 0 (62)

The initial conditions are obtained from Eq. (33):

2

4
Ox.0/

Oy.0/

Oz.0/

3

5 D

2

4
r sin µ

2r cos µ

mr sin µ C 2nr cos µ

3

5

2

4
POx.0/
POy.0/
POz.0/

3

5 D

2

4
r cosµ

¡2r sin µ

mr cos µ ¡ 2nr sin µ

3

5 (63)
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It is dif� cult to � nd the closed-formsolutionsof Eqs. (62) and (63),
but simulation4 shows that the solutions appear elliptic.

When comparing Eqs. (61) and (35), the difference between the
linearandnonlinearmodel is a matchedperturbationenteringthe lin-
ear model at the same point as the control input. Therefore, one can
modify designs created for the linear plant model to incorporate the
nonlinearmodel. One would need to add perturbations fx .y/; fy .y/;
and fz.y/ to the corresponding plant input ports and fx .ŷ/; fy .ŷ/;
and fz.ŷ/ to the correspondingreference model input ports.

IV. Numerical Simulation
This section summarizes the simulation efforts to control a mi-

crosatellite formation using a sliding mode framework. A leader
satellite orbits in a low-Earth, open-loop polar orbit while a fol-
lower satellite is actively controlled. The control effort discusses
design parameters for a fuel minimization objective.

A. Closed-Loop Design Considerations
As described in preceding sections, tracking control requires a

desired dynamics model of the satellite relative motion. The slid-
ing mode controllerworks to minimize the differences between the
desired and actual relative motion for each of the Cartesian coordi-
nate directions. For this current research effort, we use linear Hills
equations (31) to provide the desired relative motion. An indepen-
dent sliding mode algorithm is created for each direction. Control
thrustsare, therefore,determinedandappliedindependentlyfor each
direction.

To account for the discrete nature of the control thrusts, we add
a nonlinear block that regulates the control thrust input. In each
moving coordinate frame direction, the ¾ function from Eqs. (50)
and (54) monitors the error between desired and actual relative po-
sition, relative velocity, and integral of error position. In addition,
the third-order sliding mode case (Sec. III.C) incorporates the error
position’s second integral. The simulation assumes instantaneous
sensing of these variables. If j¾ j is less than some de� ned thresh-
old, ±i , where i D x; y; z, control inputs are zero. If j¾ j exceeds ±i , a
constant control force is applied. These thrust levels are adjustable
to better simulatethe actual thrustmagnitudefor a givenapplication.

Our simulation incorporates a high-� delity orbital propogation
algorithm written by Princeton Satellite Systems for MATLAB¨ .
This algorithm propagates each satellite independentlyin the Earth
centered inertial reference frame. It permits user-de� ned levels of
disturbances, such as drag, solar impacts, third-body impacts from
the moon’s gravity, and nonsphericalEarth impacts. In addition, the
high-� delity code accepts external force inputs, providing a conve-
nient means to simulate control forces.

We consider the case where satellites orbit the Earth in near po-
lar orbits. The leader satellite is in a circular orbit, while the fol-
lower’s orbit has some eccentricity to produce the desired relative
motion. The leader satellite’s starting position has an 800-km alti-
tude, with mean anomaly, longitude of ascending node, and argu-
ment of perigee equaling zero. The relative orbit between satellites
is circular. The leader exists in the formation center, while the fol-
lower satellite attempts to maintain a 1 km radius. Thrust for station
keeping is only applied to the follower satellite; the leader satellite
orbits the Earth open loop. The control law would also apply if the
leader were controlled to the desired track. The simulation includes
the Earth oblateness effect. We note that there are negligible differ-
ences in tracking the nonlinear Hill’s case [Eq. (61)] compared to
the linear Hill’s case [Eq. (35)].

B. Design Tradeoffs
The sliding mode design incorporates a number of design

tradeoffs. In this section, all thrust levels and fuel consumptions,
1V , are expressed in normalized net speci� c values as de� ned in
Eq. (35). Note that 1V is the integral of the speci� c control forces.
The poles associatedwith the sliding surface are a primary variable
when considering the closed-loopdesign. The sliding surface gives
the characteristic equation of the closed-loop response when the
equivalentcontrol of the sliding mode is implemented, that is, when
the controlled system is on the sliding plane. We initially investi-
gated a second-order sliding surface. The second-order poles are

a) Pole location for sliding plane

b) D V vs damping ratio

Fig. 2 Damping ratio variation: weekly fuel consumption.

found in the left-hand plane and take the form ¡X § jY (Fig. 2a).
We investigatedseveral sliding plane pole locations to analyze their
impact on fuel consumption,as measured by the amount of velocity
requiredfor stationkeeping,1V (Fig. 2b). To formulatea reasonable
comparison,we maintained the normalized natural frequencyof the
characteristic equation at 0.1. This normalized natural frequency
unit results by changing the time variable from t to ¿ in Eq. (31). To
minimize the 1V requirement, the most effective cases correspond
to a damping ratio between 0.866 and 0.966. These damping ratios
minimize the overshoot of the thrust response. We found that the
cases with smaller damping ratio less than 0.5 require additional
control energy to maintain an acceptable sliding surface boundary
layer ±i . In addition, larger damping ratios (0.966 or higher) at this
naturalfrequencydrive the followersatellite toward the desiredorbit
too aggressively.This overcorrectioncosts more energy as well.

The 1V consumption is highly dependent on the bandwidth of
the sliding plane poles. Consider the case where the characteris-
tic pole is located along the ³ D 0:5 line. We have chosen several
bandwidth samples (Fig. 3a). For a given sliding plane boundary
layer ±i and corrective thrust ½ magnitude, some ideal bandwidth
is determined. In this case, it occurs around the 1-rad bandwidth
(Fig. 3b). If the bandwidth is too high, the control energy tends to
knock the satellite back and forth too frequently. In these cases, the
disturbanceforces actually cause minimal impact on the error in the
satellite’s relative position (Fig. 4). For this high bandwidth case
(with poles represented as a 4 in Fig. 3), the compensator poles
are designed to cause the satellite to reach its correct position in a
half revolutionaround the Earth (half of the 100.71 min for this low
Earth orbit). Conversely, if the bandwidth is too low, the satellites
requirea long settling time. As shown in Fig. 4, the satellite is lightly
tapped to correct the orbit. The low bandwidth response can require
an excessive amount of control energy over the long run. This case
corresponds to the pole represented by s in Fig. 3.

Anothermajor variable that impacts the desirabilityof the sliding
mode pole location is the thrust magnitude. Recall that the high-
� delity simulation allows direct acceleration thrust insertions into
the model. Figure 5 indicates the impact of thrust level for a typi-
calmediumbandwidthandmoderatedampingratio (where ³ D 0:5).
One can achieveimprovedperformanceby increasingthe corrective
thrust level for a giventhresholdlevel to a point. Increasingthe thrust
levels beyond this point overcompensates, resulting in wasted en-
ergy from the tighterpositionerror.The solid line in Fig. 6 shows the
tighter trajectory tracking. Thrust magnitude decreases also require
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excessive 1V requirements and create looser positional error. This
position error is shown by the dash–dot line in Fig. 6.

One can draw similar conclusionsabout the threshold values that
trigger the corrective thrusts. Varying ±i produces a parabolic 1V
curve (Fig. 7). Given some selection for control parameters such
as damping ratio and natural frequency, we can formulate some
rule of thumb that relates the triggeringthreshold for the prescribed
thrust magnitude. Excessive drift usually requires too much correc-
tive thrust to make loose tolerances feasible. On the other hand,
excessively tight tolerances cause overcompensation because the
satellite bounces between threshold extremes.

a) Pole location for sliding plane

b) D V vs bandwidth

Fig. 3 Bandwidth variation: weekly fuel consumption.

Fig. 4 Different bandwidths impact on position error: maintaining 0.5 damping ratio.

C. Initial Condition Offset
The satellite formation control work discussed thus far primarily

addresses the station keeping function.This effort requires a control
law to counter routine perturbations based on the imperfect orbit-
ing conditions. The second major objective for the control function
focuses on relatively large-scale corrections to an orbit. Typical ex-
amples for this control requirement exist when there is a need to
rearrange the formation or after the initial satellite deployment. In
other words, two sets of control laws are required for each satel-
lite. One can chose to construct each of these control algorithms
in a similar framework, such as sliding mode. A switching mecha-
nism will determinewhich control algorithmis used at a given time,
depending on the immediate need.

We consideran initial deploymentpositionalcorrectionexample.
This scenario simulates when the satellites are initially placed into
spaceand not at thecorrect locationwith the correctvelocitycompo-
nents. The follower satellite is in a circular relative formationwith a
1.49 km radius. The sliding mode design is overdamped to enhance
large maneuver ef� ciency, that is, the sliding mode design has two
real poles. Figure 8 shows an initial satellite cluster deployment.
As one can see, the circular orbit is quickly formed with the given
low-thrust level used later for control. In this particular case, a 1V
of 2.29 m/s is consumed to correct the relative formation in 0.42
orbits. The sliding mode control design works well at bringing the
satellite formation into the desired circular orbit.

Fig. 5 Weekly velocity requirements: thrust magnitude variation.
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Fig. 6 Thrust variation examples: maintaining 0.5 damping ratio and moderate bandwidth.

Fig. 7 Weekly velocity requirements: varying threshold to trigger
thrusting.

Fig. 8 Relative position error for large magnitude maneuvers.

D. Third-Order Compensator Design
We also considered a third-order sliding plane design. This

compensation strategy incorporates one additional term into the
¾ function (a relative position error double integral). Compare the
sliding mode pole placements between Figs. 9a and 3a. The dom-
inant complex correspond in these two cases. Figure 9b shows the
comparative results for the same dominant poles. For the lower
bandwidth poles with a damping ratio of 0.5, the third-orderdesign
improves the 1V performance.Conversely, the third-ordercase de-
creases performancefor higher bandwidthcases. For the best cases,
adding a thirdpole to the slidingplaneproducesa negligible impact.

E. Nominal Baseline Design Under High-Order Perturbations
The sliding mode design is robust to various perturbations. The

methodology only requires a tracking signal that indicates what

a) Pole location for sliding plane

b) Weekly D V vs bandwidth

Fig. 9 Bandwidth variation: third order ( £ £ ) and second order ( s ).

the desired relative position and velocity vectors are. Recall that
we track a trajectory derived from the linear Hill’s equation as our
desired dynamics. We compare two orbiting dynamic models: the
high-� delity simulation with J2 only and the all perturbative force
options available in the high-� delity simulation including higher-
order Earth gravitational effects, atmospheric drag, solar radiation,
solar disturbances, and lunar and solar gravity.

We found that as the bandwidth of the closed-loop system in-
creases, the differencesin perturbativeforces becomes negligible in
terms of fuel usage compared to the J2 case discussed earlier. This
is becausemore power is used to drive the system toward the sliding
mode and disturbance affects are attenuated more effectively. The
disturbanceeffects are more noticeableat lower bandwidthdesigns.
There are negligible closed-loop response differences between the
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Numerous perturbation case

J2 perturbation case
Fig. 10 Nominal design example.

J2-only disturbance case and the numerous perturbation case. In
fact, for a simulation with a 1-week duration, the J2-only case re-
quries approximately the same 1V as the extensive perturbation
case, to within 1%. Figure 10 shows the similar position error for
these cases. This supports the conclusion that J2 is the dominant
perturbation at this orbit trajectory.

V. Conclusions
In this paper, a tracking control design using sliding mode tech-

niques is derived to control a desiredsatellite formation.The sliding
mode control techniqueprovided a viable approach to the design of
a control law to control the position of a follower satellite relative
to a leader. Numerical studies provided insight into the selection
of design parameters for the sliding mode control law. The most
effective equivalent damping ratio of the sliding plane was found
to be between 0.8 and 1.0, in this case minimizing the overshoot
of the thrust responses. Smaller damping ratios require additional

controlenergy whereas large ones drive the satellite too agressively.
In addition, the desired bandwidthof the desiredplane was found to
be in the 1 rad/s range. This value provides an acceptable tradeoff
between control energy and tracking accuracy.
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